We review the use of Voronoi tessellations for grid generation, especially on the whole sphere or in regions on the sphere. Voronoi tessellations and the corresponding Delaunay tessellations in regions and surfaces on Euclidean space are defined and properties they possess that make them well-suited for grid generation purposes are discussed, as are algorithms for their construction. This is followed by a more detailed look at one very special type of Voronoi tessellation, the centroidal Voronoi tessellation (CVT). After defining them, discussing some of their properties, and presenting algorithms for their construction, we illustrate the use of CVTs for producing both quasi-uniform and variable resolution meshes in the plane and on the sphere. Finally, we briefly discuss the computational solution of model equations based on CVTs on the sphere.
Introduction
Given two sets A and B and a distance metric d.a; b/ defined for a 2 A and b 2 B, a Voronoi diagram or tessellation is a subdivision of A into subsets, each of which contains the objects in A that are closer, with respect to the distance metric, to one object in B than to any other object in B. Although Voronoi tessellations can be defined for a wide variety of sets and metrics, of interest here is the situation for which the set A is a region or surface in Euclidean space, B is a finite set of points also in Euclidean space, and the metric is the Euclidean distance.
Voronoi tessellation have a long history, probably because Voronoi-like arrangements often appear in nature. Voronoi-like tessellations appeared in 1644 in the work of Decartes on the distribution of matter in the cosmic region near our sun. The first systematic treatment of what we now call Voronoi tessellations was given by Dirichlet (1850) in his study of two-and three-dimensional quadratic forms, i.e., homogeneous, multivariate polynomials of degree two; hence, Voronoi regions are often referred to as Dirichlet cells. Voronoi (1907) generalized the work of Dirichlet to arbitrary dimensions, again using what are now referred to as Voronoi tessellations or diagrams.
The first documented application of Voronoi tessellations appeared in the classic treatise of Snow (1855) on the 1854 cholera epidemic in London in which he demonstrated that proximity to a particular well was strongly correlated to deaths due to the disease. Voronoi tessellations have continued to be very useful in the social sciences, e.g., in the study of dialect variations, demographics, territorial systems, economics, and markets. Starting in the late nineteenth century and continuing to this day, Voronoi tessellations have also been used in crystallography, especially in the study of space-filling polyhedra, although, in this setting, various other names have been used to denote Voronoi regions, e.g., stereohedra, fundamental area, sphere of influence, domain of action, and plesiohedra.
It is not surprising, due to their ubiquity and usefulness, that throughout the twentieth century, Voronoi tessellations were rediscovered many times. As a result, Voronoi regions have been called by many different names. Thiessen polygons refer to the work of Theissen on developing more accurate estimates for the average rainfall in a region. Area of influence polygons was a term coined in connection with the processing of data about ore distributions obtained from boreholes. Wigner-Seitz regions, domain of an atom, and Meijering cells were terms that arose from work on crystal lattices and the Voronoi cell of the reciprocal crystal lattice is referred to as the Brillouin zone (Kittel 2004; Ziman 1979) . In the study of codes by, e.g., Shannon, Voronoi cells are called maximum likelihood regions (Weaver and Shannon 1963) . The field of ecology gave rise to two more alternate labels: area potentially available and plant polygons for a Voronoi region associated with a particular tree or plant. Capillary domains refers to Voronoi regions in a tissue based on the centers of capillaries.
For a long time, the routine use of Voronoi tessellations in applications was hindered by the lack of efficient means for their construction. This situation has now been remedied, at least in two and three dimensions. Voronoi tessellations also became closely intertwined with computational geometry. For example, Shamos and Hoey (1975) not only provided an algorithm for constructing Voronoi tessellations, but also showed how they could be used to answer several fundamental questions in computational geometry.
